Abstract. In this article we study the analytic classification of certain types of quasi-homogeneous cuspidal holomorphic foliations in (C 3 , 0) via the essential holonomy defined over one of the components of the exceptional divisor that appears in the reduction of the singularities of the foliation.
Introduction
The objective of this paper is to give a contribution to the analytical classification of germs of codimension one holomorphic foliations defined on an ambient space of dimension three. More generally, assume that the dimension of the ambient space is arbitrary, call it n. Let F 1 , F 2 be two such germs, generated by integrable 1-forms ω 1 , ω 2 , respectively, holomorphic in a neighbourhood of 0 ∈ C n . We will say that F 1 , F 2 are analytically equivalent if there exists a germ of diffeomorphism φ : (C n , 0) → (C n , 0) such that φ * ω 1 ∧ ω 2 = 0.
Let us mention here some of the previous results concerning this subject. When n = 2, J. Martinet and J.-P. Ramis [19, 20] consider simple (reduced) singularities, both in the saddle-node case and in the resonant case. Concerning non-simple singularities, consider the nilpotent case (i.e. foliations defined by a 1-form ω such that its dual vector field has nilpotent, non-zero, linear part), in which these foliations admit a formal normal form d(y 2 + x n ) + x p .u(x)dy, where n ≥ 3, p ≥ 2 [32] , and u(0) = 0, and in fact an analytic pre-normal form ω = d(y 2 + x n ) + A(x, y)(nydx − 2xdy) (see [6] ). These foliations have been the object of study of R. Moussu [27] , D. Cerveau [6] , R. Meziani [24] , M. Berthier, P. Sad [2] and E. Stróżyna [31] . It is worth to mention here other previous works that contribute to the analytic classification of holomorphic foliations, as the ones by J.-F. Mattei [21, 22] and Y. Genzmer [12] . Other authors focus in the topological classification, that we will not treat in this paper. Among them, let us mention, without trying to be exhaustive, works of D. Marín and J.-F. Mattei [18] , and of R. Rosas [30] .
In dimension n = 3, simple singularities have been studied by D. Cerveau and J. Mozo in [7] . Concerning non-simple singularities, P. Fernández and J. Mozo studied in [8] the case of quasi-ordinary, cuspidal singularities. In these works, the 
where Ψ r = ϕ, Ψ is not a power, and G is a germ of holomorphic function in two variables. This is the starting point of the present paper.
Also in Section 2, the main definitions of the paper are presented. We will work with a concrete reduction of singularities of cuspidal quasi-homogeneous foliations, obtained via the Weierstrass-Jung method. For the sake of completeness, this reduction will be sketched in Section 3. In Section 4, the topology of the components of the exceptional divisor is studied. As we said before, this is important in order to identify the component of the exceptional divisor where the holonomy is computed. In particular there is one component such that, once removed the singular locus, it is homeomorphic to (C * × C) C, where C is a certain algebraic plane curve, whose topology will be interesting for us. The fundamental group will be computed in this section.
In order to lift the holonomy of a component of the divisor, a fibration transverse to the foliation outside the separatrices, is constructed in Section 5. Finally, Section 6, is devoted to study the main problem of the paper: to classify analytically quasi-homogeneous generalized surfaces following this method. Unfortunately, the answer is not complete, and we must impose some conditions (properties ℘ 1 , ℘ 2 of Definition 5), that guarantee the linearization of the holonomy over some "end component" of the divisor, that we will call special components. Under these conditions, Theorem 6 of this section is the main result of the paper, and gives the analytic classification.
As a future work, we would like to study a wider class of foliations. The existing works of Mattei and Genzmer [21, 22, 12] in dimension two lead us to think that different techniques should be developed, as for instance, techniques concerning deformations of foliations. We will not follow this method here.
Generalities
In dimension n ≥ 2, a germ of codimension one holomorphic foliation F is called cuspidal if, besides being generalized hypersurface (see Section 1 and [9] ), its separatrix is defined in appropriate coordinates (x, z), where x := (x 1 , x 2 , · · · , x n−1 ), by a reduced equation z 2 + ϕ(x) = 0, with ν 0 (ϕ(x)) ≥ 2. In [11, Thm. 1.4] we constructed a pre-normal form for germs of holomorphic foliation of cuspidal type. In particular, if z 2 + ϕ(x) = 0 is a quasi-homogeneous hypersurface, we know that there exist analytic coordinates such that a generator of F is the 1-form
where ϕ = Ψ r for some r ∈ N, Ψ is not a power, and G is a germ of holomorphic function in two variables ( [11, Cor. 4.2] ).
In dimension three, there exist analytic coordinates (x, y, z) such that
where n i , p, q ∈ N, and a i ∈ C * are pairwise distinct. After [11, Thm. 2.4] and [9, Thm. 11] , the reduction of the singularities of this type of foliations follows the same scheme that the desingularization of their separatrix S,
A key to prove the main result of this paper (Theorem 6) is the existence of the first integral in the intersections of the components of the exceptional divisor. Let us mention in dimension two the work [17] , where it is said that the classification technique from R. Moussu [27] and F. Loray [14] can be used in the quasi-homogeneous framework, provided that the coordinate axis are not part of this set of separatrices. i.e., after reduction of singularities, all the separatrices lie on the same component of the exceptional divisor. Because of this, we will assume an analogous hypothesis in dimension three, i.e., n 1 = n 2 = 0, and Theorem 6 will be proved based on this property. This means that coordinate hyperplanes are not part of its set of separatrices. Let us mention that on the other hand, in [12] this hypothesis is not considered, but other techniques of a rather different nature have been used, which will not be addressed here. According to this, let us state the following definition:
is called quasihomogeneous of admissible type, if its separatrix, in appropriate coordinates, is defined by the equation
where p, q ≥ 2, a i ∈ C * , and a i = a j , if i = j.
So, a quasi-homogeneous foliations of admissible type is generated by a 1-form
In general, let us denote by F ω a holomorphic foliation of codimension one generated by an integrable 1-form ω ∈ Ω 1 (C n , 0). Not every such 1-form defines a quasi-homogeneous foliation of admissible type, as we have imposed to the definition the condition of being a generalized surface. In general, such a foliation may have more separatrices, or be dicritical. In [11, Thm. 5 .2] a sufficient condition is stated for being a generalized surface. More precisely, if we write
and
gcd(2,r) , the foliation is a generalized surface. On the other hand, let us observe that if d i = 1 for all i, ϕ is reduced and the singular locus of F Ω is the origin of coordinates. By Frobenius singular Theorem [16] , F Ω admits holomorphic first integral and the study of these foliations is then equivalent to that of the surfaces. We will suppose, at any time, that d i > 1 for some i, and we will denote Σ
the set of integrable 1-forms analytically equivalent to a 1-form as in (1), with d i > 1 for some i.
Desingularization of quasi homogeneous foliations
Let us consider a quasi-homogeneous foliation of admissible type, F Ω , generated by an integrable 1-form Ω ∈ Σ d1,··· ,d l p,q , according with the notations of Section 2. The reduction of the singularities of F Ω is achieved after the reduction of its separatrices. We use in this paper a precise reduction, namely the one obtained by Weierstrass-Jung method, that we shall sketch here for the sake of completeness. This precise reduction will be useful in the sequel in order to extend the conjugation of the holonomy to a whole neighbourhood of the exceptional divisor. This reduction will be described in three steps:
Step I: The separatrix S being defined by
0, we shall proceed to desingularize first the curve ϕ(x, y) = 0. This is done algorithmically taking into account its characteristic exponents, more precisely, the continuous fraction expansion of
c ν quadratic transformations (point blow-ups), whose composition will be denoted π I :
Denote Ω the strict transform of Ω. Locally, in appropriate coordinates, it is given as
where a, b are natural numbers, depending on p, q and the chosen chart, ω α = mydx + nxdy is a linear form, with m, n ∈ N, U α is a holomorphic function, that in the "most interesting" chart obtained after the last blow-up is
Here ∆ α is a certain germ of holomorphic function that we will not precise here.
Step II: Consider the foliation defined by Ω. We will blow-up certain curves biholomorphic to P 1 C . This process will depend of the nature of integers a, b, and follows the scheme of the quasi-ordinary case studied in [8] . More precisely: II.c) If d, a and b are odd, after the sequence of monoidal transformations, a final quadratic transformation will be necessary to do, as in the quasi-ordinary case of [8] . Figure 3 represents the final result in an appropriate chart.
We shall denote π II the composition of the transformations done in this step.
Step III. At the end of Step II, there exist analytic coordinates in which the local equation of the strict transform of the foliation is
where
It is necessary to blow-up the lines z = 0, y = a Denote D the last component generate in Step II, i.e., the main component where the separatrix cuts the exceptional divisor. This component will be called essential component. Note that the modifications done in this step do not alter the topology of this component. This will be precised in Section 4.
Analogously as in the previous steps, π III will denote the composition of the transformations done here.
Topology of the divisor
Let F be the strict transform of a quasi-homogeneous holomorphic foliation of admissible type via the morphism π :
With the conditions imposed, the singular locus S := Sing( F ), is an analytic space of dimension 1 with normal crossings. S is given by the intersection of the components of the divisor E, along with the intersection of the strict transform of S with the divisor. These components are denoted as D α , D αj , A j × D (see Section 3 for notations). It will be useful, in order to study the projective holonomy of the foliation, to know their homotopy type, once we have removed the singular locus. Let us describe it briefly in this section.
In the first step of the reduction we have produced several components D α . After removing the singular locus they are homotopically equivalent to:
The components D αj appearing in the second step, removing the singular locus, are homotopically equivalent to C × C * , to C * × C * , to C × (C {2 points}), or, in the most interesting case, to (C * × C) C, where, in coordinates (y, t), C is the affine curve defined by t 2 − y a .v = 0, where v is a unit, or
with previous notations.
Finally,
Step III produces new components homotopically equivalent to C × C, C * × C or (C {2 points}) × C, that are not relevant for our study. However, we highlight the component D αj (generated in the second step) which is modified now to D (essential component defined in Section 3), but whose topology does not change in this step and consequently D Sing(
The fundamental group of (C * × C) C can be computed using the ZariskiVan Kampen method, as described, for instance, in [1] (see also [33] as a classical reference). Even if it is standard enough, for the sake of completeness we shall briefly review here this method. Consider the projection ρ :
Let us denote by ∆ :
is a locally trivial fibration, with fibres isomorphic to C {2 points}. So, for every point in C ∆, we obtain the exact sequence
where i * and s * are map induced in homotopy from inclusion and section of ρ respectively. Let D ⊂ C be a sufficiently big closed disk, such that ∆ is contained in its interior. Choose a point ⋆ on ∂D. Take a small disk D j centered at a j ∈ ∆ containing no other elements of ∆ and choose a point R ∈ ∂D j . Consider a path α ∈ C ∆ joining R and ⋆, and denote by η R,Dj the closed path based at R that runs counterclockwise along ∂D j . The homotopy class of the loop γ j := α −1 .η R,Dj .α is called a meridian of a j in C ∆. Then, the collections of meridians in C ∆ (one for each point of ∆) define bases of π 1 (C ∆, ⋆). Similarly we can choose meridians g 1 , g 2 in a fiber of the restriction (2) and γ a meridian around the straight line x = 0. It follows that
where g
is the action on g i of γ j (known as the factorization of the braid monodromy, see [1] ).
The expression of the group can be simplified obtaining:
where α := g 2 g 1 and β := (g 2 g 1 ) m g 2 .
Holonomy of the essential component
The dynamical behavior of one foliation may be studied in a neighbourhood of a leaf by the representation of its fundamental group, as introduced by C. Ehresmann in 1950. In this study we will mainly follow J.-F. Mattei and R. Moussu [23] : let us choose a point p of a leaf L and a germ of a transversal section Σ in p. The lifting of a closed path γ starting in p, following the leaves of the foliation, induces germs of diffeomorphisms
that only depend on the homotopy class of the path. The map h γ is called holonomy of the leaf L. The representation of the holonomy of π 1 (L, p) is the morphism defined by
and the holonomy group of the foliation along L is the image of this application Hol(L). Different points in the leaf and different transversal sections define conjugated representations. In order to lift the path γ it is necessary to have a fibration, that is transverse to the foliation. Let us describe it. In general let Ω be an integrable 1-form in (C 3 , 0), π : (M, E) → (C 3 , 0) a minimal reduction of singularities of the foliation F Ω . Let F Ω be the strict transform of F Ω under π and D a component of the exceptional divisor E. 
verifies Ω(X) = pqd(z 2 + ϕ), so, it is transverse to F Ω outside the separatrix S, and S is a union of trajectories of X (equivalently, S is invariant by X ). The trajectories X give the fibres of the Hopf fibration adapted to Ω.
Let D be the essential component of the reduction of singularities of F Ω , as defined in Section 3. As a consequence of the results of Section 4, H Ω, D , is generated by elements h α , h β , h γ , which are the holonomy diffeomorphisms of, respectively, paths α, β, γ.
Consider, now, two such foliations F Ω1 , F Ω2 , where
, with respective exceptional holonomy groups
represented on a the transverse section. Suppose they are analytically conjugated by an element ψ ∈ Dif f (C, 0) such that Proof. Let p ∈ L = D S and γ p ⊂ L be a path from p to p j . We have that the foliation F Ωj is generically transverse to the Hopf fibration relative to D, H FΩ j , outside the strict transform of the separatrix S and of the components
The projection (C, 0) × L → L, is locally a covering map. Then, for each point (x, p) ∈ C × L, with |x| small enough, we can consider the lifting γ 
as φ |Σ1 = ψ, φ(x, p) does not depend on the chosen path.
Let us observe that we can define φ as close as we want to the points q ∈ S, in D. In fact, D S ∼ = C * × C C, so q ∈ C or q ∈ C * . We can consider a meridian relative to q with base point p, (see Section 4), and define the path β p = α q γ p with starting point p and end point p j . The path γ −1 p β p is a meridian relative to q with base point p j , so its homotopy class define an element of π 1 (L, p j ) and
Therefore φ extends to a neighbourhood of D S.
On the other hand, the singular points q ∈ S are points of intersection of D with the other components of the divisor, and with the separatrix. These points are of dimensional type two or three and in a neighbourhood of all them, D is a strong separatrix 1 From [7] , it follows that the conjugation of the holonomy of D implies the conjugation of the reduced foliations in a neighbourhood of these points. This conjugation coincides, outside of the separatrix, with the diffeomorphism φ, and in consequence, φ is extended to a diffeomorphism around D.
Analytic classification
In this section we will study the analytic classification of quasi-homogeneous cuspidal foliations F Ω in (C 3 , 0), using as the main tool the lifting of the projective holonomy, as stated in previous sections.
As described in Section 4, after the reduction of singularities of a quasi-homogeneous cuspidal holomorphic foliation in (C 3 , 0), the first component, D 1 , of the exceptional divisor E, is either
, if the separatrix of F Ω is defined by the equation
In the admissible case that we are studying, D 1 S is simply connected, so, the existence of a first integral around it is guaranteed due to the results of Mattei and Moussu [23] . In order to be able to extend this first integral, and consequently, to extend the conjugation diffeomorphism, it would be necessary to impose additional technical conditions on one, or possibly several components of the exceptional divisor, that we will be call in the sequel special components. These special components will be those that arise at the end of the monoidal transformations with center the projective lines
This will motivate the following definition:
be, we will say that the foliation F Ω :
1 In dimension two, strong separatrices around simple singular points are the ones corresponding to non-zero eigenvalues of the linear part. In higher dimension, the separatrix is called strong if it corresponds to a strong separatrix in dimension two for a generic plane transversal section. The following theorem is the main result of this paper.
. Consider the foliations F Ω1 and F Ω2 that satisfy one of the properties ℘ 1 , ℘ 2 if we are in one of the cases described above, with exceptional holonomy groups H Ωi,D = h Proof. If the foliations are conjugated, then their essential holonomy groups are conjugated. The arguments are exactly the same that those described in [7] .
Assume that the holonomies are conjugated via Ψ, and let F Ωi be the respective strict transform of the foliations F Ωi , after its reduction of singularities. From the existence of the Hopf fibration relative to D (see Figure ?? ) and Lemma 4, Ψ may be extended to a neighbourhood V i ⊂ (M, E) of D and as a consequence, we have that F Ωi are conjugated in V i . Now, we need to conjugate the foliations in a neighbourhood of all the other components of the divisor. We must first check the existence of the first integral around of the singular points outside D. In fact, note that D 1 S is simply connected, so its holonomy group is trivial. As a consequence, the holonomy of the leaf D 2 S ≈ C× C * , generated by a loop around
, is periodic (see [23] ). The same argument proves that D α S has periodic holonomy, for all 1 < α ≤ c 0 + 1. So, F Ωi has first integral around
On the other hand, the leaves D α S ≈ C * × C * have periodic holonomy, generated by two loops around the lines
The above arguments prove the existence of the first integral around the lines
where α, j are such that
Finally, we need to guarantee the existence of the first integral around the points that represent the intersection of the divisor with the strict transform of the separatrix. These points are in the components D αj , and: Now let us prove the existence of the first integral around the points (see Figure  4 )
Let us denote by
Let h αi be the holonomy associated to α i , loop around L i ; h αi is linearizable. Now let us consider β ⊂ D S ≃ C × (C {2 points}), a loop around D αj ∩ D. Note that β ⊂ C × {1 point} ≃ C; so, β is homotopically trivial and the associated holonomy to β is 1 C , the identity map, h β = 1 C . Then, the holonomy group of D αj S is linearizable and therefore, around ρ i , Ω i is linearizable. So, there exists a first integral around ρ i . Consider now the points µ i (see Figure 4) , and h γ , the holonomy associated to γ, loop around the projective line D (α+1)j ∩ D αj . Note that γ is such that γ −1 is a loop around D α−1 ∩ D αj , so h γ −1 is the holonomy of the leaf D α−1 S, which is periodic. Then around µ i there exists a first integral. In a similar way, a first integral can be found around E ∩ S.
Let us suppose that d, q are odd and p is even. There exist exactly a component D for which D ∩ S = L 1 ∪ L 2 and a finite number of components for which we have D ∩ S = L. It is easy to see that around L there exist a first integral, and the existence of first integral around the lines L 1 , L 2 follows, from property ℘ 2 , as in the previous case.
Let us see now the extension of Ψ around all the exceptional divisor. The idea is, first, to extend Ψ to a neighborhood of all the components of the divisor in which the separatrix intersects, and finally to extend it to the rest of the components. In both situations we should respect the fibration and the first integral that we have constructed previously. We have that F Ωj are analytically conjugated, via Ψ, in a neighbourhood of D. We want to extend Ψ to a neighbourhood of the exceptional divisor.
Note that E III = A j × C, and these components are topologically equivalent to P where for simplicity we denote x := x α−1 ; ǫ = β − 1, ν = N ; j ν = c ν − 1. Let B c = x ∈ C : |x| < c be, for c ∈ R + large enough, and D ε := {s ∈ C : |s| < ε 1 } × {t ∈ C : |t| < ε 2 }.
Similar arguments as in [24] and [8] are now used. First define a diffeomorphism Ψ j = (Ψ j1 , Ψ j2 , Ψ j3 ), on an open set B c × D ε , that transforms the first integral in x mν s nν +2(ǫ−1) t nν −2ǫ and respects the fibration, i.e.: and in consequence, Ψ can be extended to a neighbourhood of D (α−1)β . This process can be repeated and extend Ψ to a neighbourhood of the exceptional divisor E. So F Ωi are analytically conjugated, outside of the singular locus of codimension two. Finally, using Hartogs theorem we can obtain the extension of the conjugation around of the origin.
In the case d, q odd and p even, we proceed analogously.
